The static plastic collapse of ductile dovetail structures is investigated by three analysis methods: slip-line field (SLF) theory based on a sheet drawing model, finite element limit analysis, and linear elastic finite element analysis with adapted pressure vessel design stress linearization and categorization methods. A range of angles and heights are considered in the investigation. Three experimental test cases are also presented. The limit analysis results are found to give the best comparison with the limited experimental results, indicating similar collapse loads and modes of ductile collapse. The SLF solution is found to give conservative but useful failure loads for small dovetail angles but, at angles greater than 30u, the solution is not generally conservative. The pressure vessel design by the analysis stress categorization procedure was adapted for dovetail analysis and was found to give reasonably conservative collapse loads in most cases. However, the procedure requires the designer to consider a number of different stress classification lines to ensure that a conservative collapse load is identified. It is concluded that the finite element limit analysis approach provides the best and most direct route to calculating the allowable load for the joint and is the preferred method when appropriate finite element analysis facilities are available.
INTRODUCTION
Dovetail joints are used to connect components in many kinds of rotary machine, such as the rotor rim and core in the hydroelectric motor-generator illustrated in Fig. 1 . When such an assembly rotates, the dovetail structure locks the rotating components together. Strength evaluation of the dovetail structure is a fundamental consideration in rotor design. Two types of failure mode are considered when designing rotating dovetail configurations: fatigue failure due to cyclic loading (e.g. start-stop operating conditions) and gross plastic collapse under static load (e.g. single application of excessive angular acceleration). Recently, finite element analysis (FEA) has been applied to detailed fatigue assessments of dovetail structures [1] [2] [3] [4] [5] [6] [7] [8] [9] . Papanikos et al. [2] and Burguete and Patterson [3] compared the results of FEA with those of photoelastic results, Sinclair and co-workers [4, 5] investigated the influence of friction and proposed a numerical model, and others have concentrated specifically on contact stress and fretting fatigue [6] [7] [8] [9] . However, to date, FEA has not been used to assess the gross plastic collapse mechanism. It has been standard practice in dovetail joint design to base the static strength assessment on the calculated nominal stress at the neck (section C-C9 in Fig. 1 ) and comparison with similar existing designs. However, depending on the joint geometry, static plastic collapse does not always occur across the neck.
The tensile test arrangement shown in Fig. 2 was used to investigate the failure of three model dovetails milled and ground from ductile steel plate. The dovetail angle a was 30u and the heights h 1 were 25 mm, 34 mm, and 60 mm respectively. The failed specimens shown in Fig. 3 each exhibit a different form of plastic rupture. The smallest specimen in Fig. 3 (a) failed by gross plastic deformation of the shoulders of the specimen and was pulled through the mating mandrill without breaking. The *Corresponding author: 3rd Department, Mechanical Engineering Research Laboratory, Hitachi, Ltd, 832-2, Horiguchi, Hitachinaka, Ibaraki, 312-0034, Japan. email: tomohiro.naruse.az@ hitachi.com middle-sized specimen in Fig. 3 (b) experienced gross plastic deformation in both shoulders of the joint and eventual failure by ductile tearing at an angle of approximately 55u to the neck in one shoulder of the dovetail. The largest specimen in Fig. 3 (c) failed by gross plastic deformation and eventual ductile tearing across the neck of the specimen. Safe design against static failure of dovetail joints requires a design methodology that identifies the appropriate form of failure and calculates the corresponding plastic failure load. In this paper, three approaches to modelling plastic collapse of the dovetail are considered. Two are based on pressure vessel design-by-analysis (DBA) procedures and the third on slip-line field (SLF) theory.
Gross plastic deformation is a fundamental failure mechanism considered in pressure vessel design. The ASME Boiler and Pressure Vessel Code, section VIII, division 2 [10] , PD 5500: 1999 [11] , and EN 13445-3: 2002 [12] provide DBA procedures on preventing plastic collapse. These procedures are based on both elastic and inelastic stress analysis. No specific analysis methods are specified in the codes but, in recent years, FEA has become the most commonly used, although the elastic design rules in particular are clearly related to concepts in thin-shell analysis. In the elastic analysis procedure, the total elastic stress is categorized into three classes of stress: primary, secondary, and peak stress. Gross plastic deformation is precluded by limiting the primary stress with respect to a specified design stress. In the inelastic analysis procedures, gross plastic deformation is prevented by restricting the allowable load with respect to either the limit load or the plastic load of the vessel. The limit load is the maximum load satisfying equilibrium between external loads and internal forces when an elastic-perfectly plastic material model and smalldeformation theory are assumed. The plastic load is calculated by a more complex analysis, in which large deformation effects and/or material strain hardening are included and a criterion of plastic collapse is applied. The SLF method can be used to solve for stress and velocity fields in the plastic collapse state when assuming a rigid-perfectly plastic solid and plane strain conditions [12] . The governing equation of plane plastic flow is hyperbolic and can be solved by applying the method of characteristics and SLF matrix-operator methods [13] . In the present investigation, allowable loads calculated by DBA elastic stress analysis, limit analysis, and SLF theory results were compared for a range of dovetail geometries.
ANALYSIS OF PLASTIC COLLAPSE
Model dovetail joints similar to the specimens described in where 2h is the width of neck as shown in Fig. 5 , which corresponds to w 4 as shown in Fig. 4 , and 2H is the width of dovetail as shown in Fig. 5 , which corresponds to w 5 as shown in Fig. 4 . The models' material properties were Young's modulus E 5 207 GPa, yield stress s Y 5 784 MPa, design stress intensity S m 5 522.7 MPa (defined as the allowable stress of primary membrane stress [10] , with a value of approximately 2 3 s Y for most pressure vessel steels) and Poisson's ratio n 5 0.3. All the FEA was performed using the ANSYS version 10 program.
Slip-line field solution
The SLF shown in Fig. 5 [14] is for sheet extrusion or drawing through a frictionless wedge-shaped die of angle a. This configuration is similar to the dovetail problem. The main difference is that the length of material on the entrance side of the die is finite in the dovetail model but infinite in the sheet drawing model. This SLF solution was investigated as a possible analysis model for dovetail designs [14] [15] [16] [17] .
The SLFs for sheet drawing change with the reduction r and can be derived as shown in Fig. 6 . The SLF shown in Fig. 6 (a) is now called type I, which is valid for a reduction r ( (2 sin a)/(1 + 2 sin a). The angles a, h, and y are related by the expression y~hza ð2Þ
The drawing force cannot be derived directly because the hydrostatic pressures p B and p D on points B and D respectively are unknown. The sum P F x 0 OBE of forces in a horizontal direction across OBE, can be written in terms of p B as X
where OB is the length of the line OB, /B is the angle of point in an anticlockwise sense, such that /B 5 2a2h2p/4, and F x BE and F y BE are the force components acting on slip line BE at the base point , assuming the hydrostatic pressure to be zero. The SLF can be solved theoretically in some special cases such as y 5 0 in Fig. 6 (a). The matrix-operator method is applied to solve for the force components F x BE and F y BE [14] . The constant k is obtained from the yield criterion assuming plane strain conditions according to
and has the value k 5 s Y /2 for the Tresca criterion or k~s Y ffiffiffi 3 p for the von Mises criterion. The hydrostatic pressure p B can evaluated by equating the sum of forces in the horizontal direction across OBE to zero, as there is no net force on the drawn sheet. The total force in the horizontal direction across ADE can similarly be written as
where AD is the length of line AD and /D 5 2a + y 2 3p/4 is the angle of point D. 
Thus the drawing force P F x 0 ADE can be calculated. The SLF shown in Fig. 6 (b) is termed type II, which is valid for r . (2 sin a)/(1 + 2 sin a) and 0 , g , a. The total forces P F x 0 HGED in the horizontal direction across HGED, can be written as
F x DE and F y DE are the force components acting on the slip line DE, and F x GH and F y GH are the force components acting on the slip line GH, assuming the hydrostatic pressure to be zero, and can be evaluated by using the matrix-operator method. p D and p E are hydrostatic pressures. From the Hencky equations (6),
The hydrostatic pressures p D and p E can be evaluated by equating the total force P F x 0 HGED to zero, as there is no net force on the drawn sheet; thus
Then the drawing force P F x 0 OB , which expresses the total force in the horizontal direction across OB, is calculated as
Limit analysis
Classical limit analysis is based on an idealized rigidperfectly plastic or elastic-perfectly plastic material model and small-deformation theory. However, in this analysis, an elastic-perfectly plastic material model with large-deformation theory is assumed (to represent better the contact condition between the dovetail and the female die); therefore the analysis is not strictly speaking a limit analysis. The analysis utilizes the Newton-Raphson iterative solution algorithm, in which the solution progresses in a stepwise manner until convergence or termination due to violation of equilibrium between internal and external forces. The limit load is defined here as the load giving the final convergent solution before an unconverged termination. 2'. This procedure is followed here. A typical finite element model of the assembly is shown in Fig. 7 . A half-model is analysed and symmetry boundary condition applied. The bottom line of the female die is fixed in the vertical direction. A pulling force is applied at the centre of the upper line of the dovetail. The vertical degrees of freedom on the upper line of the dovetail are coupled to the vertical displacement of the loaded node. The dovetail material is elastic-perfectly plastic. The female die is elastic. A frictionless contact condition is applied between the dovetail and the die. The dovetail thickness is small enough to be considered to be a thin plate; thus plane stress elements with specified thickness are used in both the dovetail and the die. This plane stress assumption contradicts the SLF approach, in which plane strain conditions are assumed.
Elastic analysis and stress categorization
Pressure vessel DBA based on elastic stress analysis requires the designer to partition or categorize the elastic stress field into three different classes of stress: primary, secondary, and peak stress. Primary stress is an equilibrium stress field associated with gross plastic deformation. Secondary stress arises from compatibility equilibriums and, when taken in conjunction with primary stress, is associated with incremental plastic collapse under cyclic operating loads. Peak stress is a locally concentrated stress and, when taken in conjunction with primary plus secondary stress, is associated with fatigue failure. The pressure vessel codes consider the primary and secondary stresses to have constant membrane or linear bending through-wall distributions, in accordance with the concepts of thin-shell theory. Gross plastic deformation is precluded by limiting the allowable value of primary membrane stress and primary membrane plus bending stress with respect to the design stress S m of the material.
Many pressurized components do not behave like thin-shell structures, in that the stress distribution through the component is not linear, i.e. does not consist of membrane and bending distributions. This is also the case for dovetail structures. In order to apply the DBA procedures to such components, it is common practice to evaluate a linearized stress distribution that has the same global (membrane and bending) effect on the component as the actual non-linear distribution. This procedure is called stress linearization and the section on which stress is linearized is called the stress classification line (SCL). In stress linearization, the through-thickness distribution of each of the six elementary stresses s jj along the SCL are linearized into membrane and bending components. The linearized stresses are then used to evaluate the stress intensity or equivalent stress distributions along the SCL, for comparison with the Tresca or the von Mises yield criteria respectively. The stress intensity S INT is The equivalent stress S EQV is given by
The ASME Boiler and pressure vessel code [10] requires the use of the Tresca criterion and stress intensity in DBA calculations. However, EN 13445-3: 2002 [12], Annex C (method based on stress categories), permits use of an equivalent stress based on either the Tresca or the von Mises criterion. The latter will be used in the stress categorization results presented here.
The ANSYS program includes a stress linearization postprocessor that calculates the linearized component stresses, stress intensity, and equivalent stress distributions along an SCL specified by the designer. These decomposed stresses are classified into five different categories of stress: general primary membrane stress P m , local primary membrane stress P L , primary bending stress P b , secondary stress Q, and peak stress F.
Individual or collected classified stresses are compared with the different allowable values, so as to design against specific failure mechanisms. It is essential that the decomposed stress is correctly classified because their allowable values differ. The codes provide explicit classification guidance for some typical pressure vessel geometries and load conditions. In the analysis of ductile failure of a dovetail under static loading, the stress categories of interest are primary membrane and primary membrane plus bending stress.
The finite element models used in the limit analysis, as defined in Fig. 7 and Table 1 , were also used for stress linearization and classification. Elastic material properties were used throughout and a fixed pulling force equivalent to 400 MPa of nominal stress in the neck applied. In elastic analysis, it is not possible to determine the limiting SCL a priori and a range of values for the SCL angle c were considered, as illustrated in Fig. 8(a) . Only the SCL with c 5 0 conforms to the definition of SCL used in pressure vessel design, as it extends unbroken across the neck of the dovetail. For c ? 0, the SCL is effectively a V-shape about the plane of symmetry or effectively bisects the shoulder of the dovetail.
Applying the linearization procedure gives values for membrane and bending stress along each SCL considered. These are then categorized and the appropriate stress limit applied to define the allowable load. Stress categorization for the dovetail configuration is not covered explicitly in pressure vessel codes and here classification was defined by considering the basic definition of primary stress. The membrane stress is classified as the general primary membrane stress, because no redistribution of load occurs if the membrane stress exceeds yield. The allowable value for primary membrane stress intensity is S m . The bending stress was classified by considering a limiting case of the dovetail design, which is the T-tail structure shown in Fig. 8(b) . The T-structure can be considered as two cantilevers joined at the plane of symmetry. The bending stress in the cantilever components is required to maintain equilibrium with the external pulling force and is therefore designated as the primary bending stress. The allowable value for primary membrane plus bending stress intensity is 1.5S m .
RESULTS
The calculated collapse loads and angles given by the SLF analysis, limit analysis and stress categorization analysis for the range of joints considered are given in Table 2 .
In type I SLF analysis, the angle h was varied within 0u ( h ( 90u 2 a. In type II the angle g was varied within 0u ( g ( a. The relationship between the reduction ratio r and drawing force normalized by 2k is shown in Fig. 9 . The normalized drawing force p/2k increases with increasing reduction ratio r and die angle a. In a uniaxial solution, plastic collapse occurs across the neck section of the dovetail (width 2h in Fig. 5(b) ) when the stress on this plane reaches yield, i.e. p/2k 5 1.0. The SLF solution shows that the normalized drawing force is less than the uniaxial collapse load for relatively respectively. In each model, a region of high plastic strain has formed at the point of contact between the dovetail and die at the neck and spreads along an approximately straight line to form the plastic failure surface. When the dovetail height is relatively small (i.e. the reduction ratio is small) as in Fig. 10(a) , the collapse line terminates at the bottom surface of the dovetail, indicating failure within the shoulders of the joint: the shoulders are sheared off. When the reduction ratio is large, as in Fig. 10(c) , the dovetail fails on the horizontal plane across the neck of the dovetail. For an intermediate value of reduction ratio, as in Fig. 10(b) , the collapse line extends from the surface to the plane of symmetry, giving a Vshaped plastic failure surface. The collapse angle c is defined in Fig. 10 . If the collapse line lies on the neck of the dovetail, as in Fig. 10(c) , the collapse angle is c 5 0u.
Values for the normalized limit load given by the limit analysis are compared with the SLF curves in Fig. 11 . The FEA limit load results, based on the von Mises criterion, have been modified by multiplying by ffiffiffi 3 p 2, as discussed in section 2.2. There is a fundamental difference in the state of stress assumed in these analyses; the SLF solution assumes plane strain, and limit analysis plane stress. It is seen that the calculated limit load and SLF drawing force are similar for die angles a 5 10u and 30u. However, a significant difference between the solutions is seen for larger die angles, in which the limit load is lower Fig. 9 SLF solution for the relation between the reduction ratio and the drawing force of the SLF than the SLF drawing force. By interpolating, the limit analysis drawing force is found to achieve a maximum value at about a 5 35u. The SLF drawing force continues to rise with increasing die angle. In some configurations, the SLF load is significantly larger than the limit load until the p/2k cut-off is reached. This indicates that the SLF solution is not generally conservative.
The limit and slip-line collapse angles for a dovetail with a 5 30u and h 1 5 25 mm and a dovetail with a 5 30u and h 1 5 34 mm are shown in Figs 12(a) and (b) respectively. Points A to E and O are points on a type I SLF, as defined in Fig. 6(a) . The limit load collapse surface of the shorter joint clearly corresponds to slip line AE in Fig. 12(b) . Thus the collapse angle c obtained by limit analysis is almost equal to the angle /PAD. However, for the shorter dovetail shown in Fig. 12(a) , no such clear correlation is found. Limit load collapse in this case occurs on a plane that lies between the slip lines AE and AB. Fig. 11 Relation between the reduction ratio and the drawing force of the SLF and limit analysis Fig. 10 Contour of total equivalent strain with die angle a 5 30u Fig. 12 Comparison between the collapse line of the limit load and the SLF Design analysis of ductile failure in dovetail connections
Comparing the limit and SLF results, the SLF analysis precisely predicts the limit load for dovetails with die angles smaller than 30u. When the die angle is larger than 30u, the failure load predicted by SLF analysis is larger than the limit load. It is therefore not conservative to calculate the allowable load for such dovetails by SLF analysis. Figure 13 shows the von Mises equivalent stress contour plot for a dovetail with a 5 30u and h 1 5 34 mm given by elastic analysis. A range of stress classification lines is considered. These lines originate from the edge at the point of contact with the die with varying angle c with respect to the horizontal. The constituents of plane stress, s x , s y , and t xy , are represented in the local coordinate system on the SCL. Figure 14 shows the maximum equivalent membrane stress and equivalent membrane plus bending stress evaluated in the model shown in Fig. 13 for a range of classification lines with 0u ( c ( 90u. The linearized stresses are normalized with respect to the nominal normal stress in the neck of the dovetail (w 4 in Fig. 4) . The membrane and membrane plus bending equivalent stresses are seen to vary significantly with the angle of the SCL. This was found to be true for all the joints considered in the study. In general, the SCL angle giving the highest stress varies inversely with dovetail height h 1 . The calculated plastic load of the dovetail joint is determined by the maximum membrane or membrane plus bending stress; therefore it is dependent on the angle of the SCL. Failure loads based on membrane and membrane plus bending stress can be evaluated from the applied load by proportionality. Both the membrane stress and the membrane plus bending stress are compared with their allowable values for each SCL considered. As the DBA procedures include a nominal design factor of 1.5 against plastic collapse, collapse loads are obtained by factoring the allowable stress by 1.5. It is found that the SCL across the minimum cross-section, or neck, of the dovetail does not generally give a conservative value of plastic load. The variation in the predicted plastic collapse line shows some similar behaviour to the collapse lines given by limit analysis.
The elastic analysis and stress categorization plastic collapse loads are compared with the SLF drawing force in Fig. 15 and Table 2 . Good Relation between the reduction ratio and the drawing force of the SLF and stress categorization agreement is seen for the smallest taper angle of 10u, but in all other cases the stress categorization load is markedly lower than the SLF solution. Comparison with the limit load results, as shown in Table 2 , shows that the collapse load predicted by stress linearization (based on the von Mises criterion) is similar to the limit load (the von Mises criterion factored by ffiffiffi 3 p
2) for the 10u models. The predicted collapse load was less than the limit load for all other geometries except for two models that had a high reduction ratio and 50u die angle. In these cases, the results of limit analysis predicted failure across the neck of the joint (w 1 in Fig. 4) . The linearization and categorization investigation considered only SCLs starting at the point of contact and in these cases predicted failure horizontally across the dovetail from this point (w 4 in Fig. 4 ). In general, the failure load predicted by stress linearization is much smaller than the limit load for the reduction ratio range from 0.5 to 0.8. The angle of the critical SCL in the stress linearization analyses was found to be similar to the collapse angle predicted by limit analysis for many configurations but was not consistent over the range considered.
COMPARISON WITH TEST RESULTS
The measured failure load and collapse angle for the three 30u dovetails shown in Fig. 2 are given in Table 3 , together with the results of the corresponding analyses. Good agreement is found between the measured and analysis collapse loads for the shortest dovetail, with reduction ratio r 5 0.305. The limit analysis collapse angle is similar to the measured collapse plane but the collapse angle given by the stress categorization procedure is significantly different, at about half the value. In the intermediate dovetail, r 5 0.470, the calculated collapse loads are conservative with respect to the experimental load. Limit analysis gives the highest analytical load, followed by the SLF and stress categorization loads. The limit collapse angle is similar to the measured test angle but the stress categorization plane is again significantly different. In the longest dovetail, r 5 0.691, the limit and stress categorization collapse loads are conservative with respect to the measured load. The normalized SLF load is not conservative with a value of 1.209. However, this value does not take account of the p/2k 5 1 truncation of the SLF curves corresponding to failure in the neck, which should be applied when the SLF value exceeds 1. As before, the limit collapse angle is similar to the test angle but the stress categorization angle differs significantly.
CONCLUSIONS
Three analysis methods for determining the static plastic collapse loads for dovetail structures were investigated: SLF theory based on a sheet drawing model, finite element limit analysis, and linear elastic FEA with stress categorization. All three methods were found to give similar results for a dovetail angle of 10u. However, the calculated failure loads were found to differ for larger dovetail angles.
The incremental elastic-plastic FEA method used in the limit analysis calculations is the most representative method used and the one that shows greatest similarity with the limited experimental results available. The method requires the designer to have knowledge and experience of inelastic FEA, which may limit applicability of the method. However, it has the advantage that it simulates the plastic failure mechanism and gives a direct evaluation of allowable load (hence the name direct route in EN 13445-3: 2002). Limit analysis showed three collapse modes, which turned from line collapse to V-shaped collapse and finally to neck collapse, with increasing reduction ratio. The limit load of dovetails with similar reduction ratios has an optimum value when the die angle is around 35u.
The SLF solution requires no additional specialist knowledge from the designer and can be used to generate design data in a variety of forms. This approach was found to give acceptable conservative failure loads for the 10u and 30u dovetails considered. However, at angles greater than 30u, the SLF solution may give values for collapse loads that are too high. Stress categorization procedure of pressure vessel DBA was adapted for dovetail analysis and was found to give reasonable conservative collapse loads in most cases. Although this requires use of elastic FEA only, which is simpler and easier for the designer to perform than inelastic FEA, the categorization procedure is time consuming. The plastic failure surface in the dovetail may vary from a plane straight across the neck of the joint to shearing of the shoulders of the joint at 90u to this plane. It is necessary to investigate a number of SCLs to determine which plane between 0u and 90u gives the lowest collapse load and hence determines the allowable design load. This requires repetitive application of the stress linearization procedures for a number of lines at different angles; however, the method is conservative and may be appropriate in some design environments.
As only three test results are available, it is not possible to generalize the relationship between the analysis and test results. In the three particular cases, the limit analysis approach showed good correspondence with the tests for both failure load and failure plane angle. The stress categorization and SLF methods also gave conservative collapse loads.
The choice of method used in design depends on the staff and facilities available and the form of the dovetail joint. The SLF method is suitable for smallangle dovetail joint design but may not be conservative for angles greater than 30u. The stress categorization method gives conservative values of collapse loads and is generally suitable for design. However, it is a time-consuming approach because the designer must consider a number of SCLs to ensure that the worst case is identified. Limit analysis requires inelastic FEA but gives the most complete simulation of the plastic failure mechanism. Furthermore, the calculated limit loads provide the best and most direct route for calculating the allowable load for the joint.
